
3-D boundary element–finite element method

for the dynamic analysis of piled buildings ∗

L.A. Padrón, J.J. Aznárez, O.Maeso
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Abstract

A boundary element – finite element model is presented for the three-dimensional dynamic
analysis of piled buildings in the frequency domain. Piles are modelled as compressible Euler-
Bernoulli beams founded on a linear, isotropic, viscoelastic, zoned-homogeneous, unbounded
layered soil, while multi-storey buildings are assumed to be comprised of vertical compressible
piers and rigid slabs. Soil-foundation-structure interaction is rigorously taken into account
with an affordable number of degrees of freedom. The code allows the direct analysis of
multiple piled buildings, so that the influence of other constructions can be taken into account
in the analysis of a certain element. The formulation is outlined before presenting validation
results and an application example.

1 Introduction

The practical interest of understanding the dynamic behaviour of pile foundations becomes
evident in view of the large number of related papers published in the last four decades. A highly
significant proportion of these works use a boundary element approach to the problem due to
the need to model the soil as an unbounded region (see, for example, reviews by Beskos [1, 2]
and Padrón [3]). Moreover, most studies focus on the computation of impedances [4, 5, 6],
kinematic seismic response [7, 8, 9] or internal forces in pile foundations [10, 11], allowing the
analysis of pile–supported structures by means of substructuring strategies. On the contrary,
very few works have attempted to tackle the problem using a direct approach in which pile, soil
and superstructures are modelled simultaneously [12, 13, 14].

Despite the efforts to analyse pile dynamic response, the influence of nearby pile–supported
structures on the behaviour of pile foundations and piled buildings has received, up to the
authors’ knowledge, no attention at all, except for some preliminary results presented in [15]. For
this reason, a direct methodology to study simultaneously soil, piles and several superstructures
has been formulated and implemented using the boundary element method to model the layered
soil and finite elements for piles and superstructures. This numerical scheme represents an
enhancement of a boundary element – finite element coupling model [16] formulated to study
pile–soil interaction only. Such a formulation was motivated by the need to develop a flexible and
accurate methodology to tackle the problem, and also by the necessity of reducing the meshing
efforts and the number of degrees of freedom of the model with respect to a multi-domain
boundary element approach, as the one used in [17]. In order to meet these requirements, pile-
soil interaction forces are modelled as internal loads, pile rigidity is introduced by means of
mono-dimensional finite elements, and equilibrium and compatibility conditions are established
along the pile axis. Following this strategy, pile-soil interfaces do not need to be discretized
by boundary elements leading to a significant reduction in the number of degrees of freedom
without appreciably compromising the accuracy of the results.

∗Draft of the paper published in Engineering Analysis with Boundary Elements 35 (2011) 465-477.

1



The boundary element – finite element method formulation for the dynamic analysis of
soil-pile-building systems is outlined in section 2. Then, section 3 presents some comparison
results in order to check the method and validate its implementation. In order to illustrate the
capabilities of the methodology, section 4 shows different types of analyses related to a group of
piled buildings in a layered soil subjected to a harmonic excitation applied on the ground surface.
Finally, some conclusions and future research directions are provided in the last section. Further
details can be found in [3].

2 Boundary element – finite element method formulation

In this formulation, the boundary element method is used to model the dynamic behaviour of
the stratified soil region, while finite elements are used for piles and superstructures. From
the boundary element (soil) point of view, the loads arising from the pile-soil interaction are
modelled as distributions of interaction forces applied on an internal line defined by the pile axis,
what in this work will be named ‘load-line’ (see figure 1). Piles rigidity is provided by mono-
dimensional finite elements, bonded to the surrounding soil by equilibrium and compatibility
conditions.
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Figure 1: Pile foundation geometry and modelling through BEM-FEM coupling formulation

2.1 Pile foundation formulation

Three-node Euler-Bernoulli beam finite elements with axial deformation are used to model the
piles. Thirteen degrees of freedom are defined in the element: three orthogonal displacements
at each node plus two rotations (torsion excluded) at each one of the end nodes.

The displacement vector ue(ξ) at any point ξ of an element e is expressed in terms of the
vector of nodal displacements and rotations up

e as

ue(ξ) = Ψ(ξ)up
e (1)

where Ψ(ξ) is the matrix of shape functions at point ξ containing two different sets of functions:
(i) a first set of five functions ϕ used to build an interpolating polynomial of the lateral displace-
ments through the three nodes with explicitly given rotations at both ends; and (ii) a second
set of three functions φ to approximate the axial deformation. This last set of functions, which
correspond to the three Lagrangian polynomials of second order, are also used to approximate
the pile-soil contact interaction forces qe(ξ) acting over the pile, within an element e, as

qe(ξ) = Φ(ξ)qp
e (2)

where matrix Φ is formed by shape functions φ (see [3, 16] for more details) and q
p
e is the vector

of nodal interaction forces.
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The principle of virtual displacements allows to obtain the mass and stiffness matrices (M and
K) for the described element type [18], and also the matrix Q that transforms nodal interaction
forces components qp into equivalent nodal forces Feq through the linear transformation Feq

e =
Qeq

p
e.
Hence, after a process of discretization of the pile, computation of elemental matrices and

assembly of global matrices, the dynamic behaviour of a certain pile can be represented, in the
finite–element sense, by the matrix equation

K̄up = F+Qqp (3)

where the vector of external forces F contains the equivalent nodal forces Feq from the pile-soil
contact interaction, the forces Ftop acting at the top of the pile and the axial force Fp at the tip
of the pile; where K̄ = K − ω2M, ω being the frequency of excitation; and where all matrices
must be understood as global to the whole pile.

2.2 Soil formulation

In contrast, each stratum Γm of the soil is modelled by the BEM as a linear, homogeneous,
isotropic, viscoelastic, unbounded region with complex valued shear modulus µ of the type
µ = Re[µ](1 + 2iβ), where β is the damping coefficient and i =

√
−1. The boundary integral

equation for a time-harmonic elastodynamic state defined in a domain Ωm with boundary Γm

can be written in a condensed and general form as

cιuι +

∫

Γm

p∗u dΓ =

∫

Γm

u∗p dΓ +

nm
ll

∑

j=1

[

∫

Γm
pj

u∗qsj dΓpj − δjΥ
j
kFpj

]

(4)

where cι is the local free term matrix at collocation point xι; u and p are the displacement and
traction vectors; u∗ and p∗ are the elastodynamic fundamental solution tensors representing the
response of an unbounded region to a harmonic concentrated unit load with a time variation
eiωt applied at a point xι; Γm

pj
is the pile-soil interface along the load-line j within the domain

Ωm; nm
ll is the total number of load-lines in the domain Ωm; δj is equal to one if the load-line

j contains the tip of a floating pile and zero otherwise; Υj
k is a three-component vector that

represents the contribution of the axial force Fpj at the tip of the jth load-line; and qs = −qp is
the vector of nodal interaction forces acting over the soil, as sketched in figure 1.

The boundaries Γm are discretized into quadratic elements of triangular and quadrilateral
shapes with six and nine nodes, respectively. Once all boundaries have been discretized, eq. (4)
can be written, for each region Ωm, at all nodes on Γm in order to obtain a matrix equation of
the type

Hssus −Gssps −
nm
ll

∑

j=1

Gspjqsj +

nm
ll

∑

j=1

δjΥ
sjFpj = 0 (5)

where us and ps are the vectors of nodal displacements and tractions of boundary elements; Hss

and Gss are coefficient matrices obtained by numerical integration over the boundary elements
of the fundamental solution times the corresponding shape functions; and Gspj is the coefficient
matrix obtained by numerical integration over load-line j of the fundamental solution times the
corresponding interpolation functions, when the unit load is applied on Γm.

Furthermore, eq. (4) will be also applied at internal nodes belonging to load-line Γm
pi
, so that

one can write

Cupi +Hpisus −Gpisps −
nm
ll

∑

j=1

Gpipjqsj +

nm
ll

∑

j=1

δjΥ
pijFpj = 0 (6)

where Hpis and Gpis are coefficient matrices obtained by numerical integration over the bound-
ary elements of the fundamental solution times the corresponding shape functions; and Gpipj

is the coefficient matrix obtained by numerical integration over load-line j of the fundamental
solution times the corresponding interpolation functions, when the unit load is applied on load-
line Γm

pi
. Here, upi is the vector of nodal displacements of the load-line i, which is multiplied by
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the diagonal matrix C, whose non-zero terms are valued 1/2 in positions corresponding to pile
nodes placed on a smooth surface (as e.g. pile heads) and unity at the internal points.

The situation of a pile crossing interfaces between adjacent regions (see figure 1) is worthy of
attention. In this case, the distribution of the interaction forces qs along the pile-soil interface
is not continuous between layers, and different load-lines are considered in the upper and lower
layers. This fact causes a kind of corner problem which can be overcome by applying a non-nodal
collocation strategy. For nodes placed on the interface, eq. (6) is applied on an inner point of
the pertinent element k, so that the integral equation becomes

Φu
pi
k +Hpisus −Gpisps −

nm
ll

∑

j=1

Gpipjqsj +

nm
ll

∑

j=1

δjΥ
pijFpj = 0 (7)

where u
pi
k is the vector of nodal displacements of element Γk and Φ is the matrix of shape

functions specified at the collocation point.
The axial punctual force Fp considered at the tip of a floating pile adds a new unknown per

pile, in such a way that an extra equation needs to be written. The third row (corresponding
to the application of the unit load in the vertical direction) of eq. (7) written for a non-nodal
point placed between the two bottom nodes of the pile yields a suitable additional equation for
this purpose.

2.3 Pile supported structures model

This section describes the adopted formulation for the analysis of the dynamic behaviour of pile–
supported multi-storey structures. For this purpose, piles are grouped and fixedly connected
to rigid pile caps on which the building is founded. The superstructures are assumed to be
composed by any number of vertical extensible piers and horizontal rigid slabs (see figure 2).
Piers are modelled as massless Euler-Bernoulli beams, with axial and lateral deformation, and
with hysteretic damping through a complex valued stiffness of the type k = Re[k](1 + 2iζ).
Torsional stiffness is not considered in the piers. The principal axes of inertia of rigid slabs
may have any orientation with respect to the global coordinate axes and, at the same time, the
position of their centre of gravity on the horizontal plane can change between storeys, which
provides a great deal of generality and flexibility to the model. In order to write the equations
directly in terms of slabs displacements and rotations (the most interesting parameters in this
kind of study), all DoF at piers ends are condensated to the centre of gravity of slabs and pile
caps.

Let Uj = ({U1, U2, U3,Θ1,Θ2,Θ3}j)T be the vector defining displacements and rotations at
the centre of gravity of the pile cap or slab j, and let Yj

i = ({u1, u2, u3, θ1, θ2}j)T be the vector
defining displacements and rotations at the end of pier or pile i connected to slab or pile cap j.

The kinematic relationship between the head of pile i and the corresponding pile cap j, or
between a pier i and a certain slab or cap j can be expressed as

Y
j
i = T

j
iU

j (8)

slab 1

slab j − 1

slab j

slab j − 1

slab nT

Figure 2: Two-dimensional view of considered pile–supported structures
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where

T
j
i =















1 0 0 0 0 −(xi2 − x
cg

j
2

)

0 1 0 0 0 xi1 − x
cg

j
1

0 0 1 xi2 − x
cg

j
2

−(xi1 − x
cg

j
1

) 0

0 0 0 1 0 0
0 0 0 0 1 0















(9)

where xi1 and xi2 are the x1 and x2 coordinates of pier or pile i, and x
cg

j
1

and x
cg

j
2

are the x1
and x2 coordinates of the centre of gravity of slab or pile cap j.

On the other hand, the equilibrium at any slab j can be expressed as

F
j
ext +

nj
∑

i=1

(Tj
i )

T f
j

itop
+

nj+1
∑

i=1

(Tj
i )

T f
j+1

ibottom
+ ω2MjUj = 0 (10)

where F
j
ext is the vector of external forces and moments acting on the slab j, nj is the number

of piers in the inter-storey immediately below slab j, nj+1 is the number of piers in the inter-

storey immediately above slab j, f
j

itop
= ({f1, f2, f3,m1,m2}j)T is the vector of forces and

moments in the connection between slab j and pier i from the inter-storey immediately below,
f
j+1

ibottom
= ({f1, f2, f3,m1,m2}j+1)T is the vector of forces and moments in the connection between

slab j and pier i from the inter-storey immediately above, and

Mj =

[

M jI3×3 ∅

∅ I

]

(11)

where M j is the mass of the slab, I3×3 is the identity matrix of order 3, and I is the 3×3 tensor
expressing the slab moments of inertia.

As mentioned above, piers are modelled as massless Euler-Bernoulli beams with axial defor-
mation. In this way, and in the absence of external forces applied along the pier, the relationship
between forces and displacements at both ends of the pier is given by a 10× 10 stiffness matrix
of the form

[

fib

fit

]j

=

[

Kbb
i Kbt

i

Ktb
i Ktt

i

]j [
Yib

Yit

]j

(12)

where b and t stand for bottom and top respectively.
By substitution of (12) into (10), and taking (8) into account, the equilibrium equation for

slab j can be written as

F
j
ext +Kj j−1U

j−1 + (ω2Mj +Kj j)U
j +Kj j+1U

j+1 = 0 (13)

where

Kj j =

nj
∑

i=1

(Tj
i )

TKttj

i T
j
i +

nj+1
∑

i=1

(Tj
i )

TKbbj+1

i T
j
i (14)

Kj j−1 =

nj
∑

i=1

(Tj
i )

TKtbj

i T
j−1
i (15)

Kj j+1 =

nj
∑

i=1

(Tj
i )

TKbtj+1

i T
j+1
i (16)

These submatrices represent the three terms of the superstructure stiffness matrix that appear
in the row corresponding to slab j, and where the contribution of all piers in each storey above
and below such a slab is taken into account.

On the other hand, an equation equivalent to (10) can be written for each of the pile caps on
which the superstructure is founded. To express such an equilibrium equation in the format of
eq. (13), eq. (3) must be rewritten for the top element of pile i in terms of submatrices affecting
either the pile head node or the other two underground nodes of the element as

[

5×5K̄
hh 5×8K̄

hu

8×5K̄
uh 8×8K̄

uu

]

i

[

uh

uu

]

i

+

[

5×9Qh

8×9Qu

]

i

qsi =

[

fh

fu

]

i

(17)
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where h and u stand for head and underground respectively, and where the dimensions of the
submatrices are written on its top left side. Then, the forces at the top of the pile, equivalent
to the term f

j

itop
of eq. (10), can be obtained as

fh = K̄
hh
i uh

i + K̄
hu
i uu

i +Qh
i q

si (18)

which, taking eq. (8) into account, allows us to express the equilibrium equation at a certain
pile cap c as

Fc
ext +Kc 1U

1 + (ω2Mc +Kc c)U
c +

nc
piles
∑

i=1

(

K̃c iu
u
i + Q̃c iq

si
)

= 0 (19)

where

Kc 1 =

n1
∑

i=1

(Tc
i )

TKbt1

i T1
i (20)

Kc c =

nc
piles
∑

i=1

(Tc
i )

T K̄
hh
i Tc

i +

n1
∑

i=1

(Tc
i)

TKbb1

i Tc
i (21)

K̃c i =(Tc
i )

T K̄
hu
i (22)

Q̃c i =(Tc
i )

TQh
i (23)

2.4 Seismic excitation modelling

The system described in the previous sections can be excited either by forced displacements
prescribed at certain points, by applied external forces or by a far-source earthquake. This
section discusses how this last kind of action is modelled.

When seismic waves impinge on the site under study, reflection and refraction phenomena
take place, and the arising wave field modifies the incident wave train. The original wave field,
which is assumed to come from a far away source, is the incident field uI , while the one produced
by the reflection and refraction phenomena receives the name of scattered field uS . The resulting
displacement and traction fields (total fields) can be obtained by superposition as u = uI + uS

and p = pI + pS.
Let us consider that a pile foundation embedded in a layered soil is subjected to time-

harmonic incident waves. In this case, eq. (5) represents the discretized boundary integral
equation for each region Γm in terms of the total field. On the other hand, as the incident,
scattered and total fields satisfy the governing equations, such an equation can also be written
in terms of the incident field as

Hssus
I −Gssps

I = 0 (24)

where interaction forces along the pile-soil interface qsj and forces at piles tip Fpj are not present
because they only exist in the scattered fields. The subtraction of eq. (24) from eq. (5) yields

Hssus −Gssps −
nm
ll

∑

j=1

Gspjqsj +

nm
ll

∑

j=1

δjΥ
sjFpj = Hssus

I −Gssps
I (25)

where the right–hand vector is known because the analytic expressions of us
I and ps

I can be
easily obtained. The same procedure can be repeated to obtain the BE equations (6) and (7)
for load-lines. In contrast, the pile FE eq. (3) holds true for the total fields and, therefore,
does not need to be rewritten. Finally, note that the magnitude of the scattered field decreases
with distance due to the existing material and radiation damping in the soil, and consequently,
boundaries far from the pile foundation do not need to be discretized.
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2.5 Assembly of the global system matrix of equations

Equations (3), (5), (6), (7), (13) and (19) (or the corresponding equations for incident seismic
fields, if it were the case) can be arranged to form a linear system of equations representing
a general problem consisting on a certain number of superstructures, each founded on one or
more caps, each one of which groups two or more different piles embedded in a viscoelastic soil
of generic stratigraphy and topography. Equilibrium and compatibility fully-bonded contact
conditions over the different interfaces of the problem are imposed. The most general situation
is that of a problem with multiple superstructures founded on different pile caps on a layered
soil, the system being subject to external forces and/or incident seismic waves. In such a general
case, the system of equations is of the form

A
{

us,ps,qs,Fp,u
p,Uj

}T
= B (26)

where A, whose structure is sketched in figure 3, is the square matrix of coefficients and B
is the known vector, both computed by rearranging the equations and prescribing the known
boundary conditions. The vector of unknowns includes the displacements us and/or tractions
ps at boundary element nodes, the interaction forces at pile-soil interface qs, the forces at pile
tips Fp, the nodal translations and rotations at pile nodes up, and the degrees of freedom defined
at the structures Uj .

BEM eqs. on boundaries

BEM eqs. on load-lines

FEM eqs. on piles

FEM eqs. on structure

us | ps qsFp

up Uj

Figure 3: Structure of the system matrix of coefficients A

Note that the displacements at the pile head nodes have been condensed and that the first
five equations of expression (3) have been included in (19) in such a way that only the equations
corresponding to underground nodes have to be written in the form of eq. (3).

3 Validation results

As mentioned in the introduction, the formulation proposed in this work represents an enhance-
ment of a work presented a few years ago for the dynamic analysis of pile foundations exclu-
sively [16]. This part of the formulation, related only to the response of the foundation, has been
thoroughly validated [16, 3]. This section intends to validate the whole soil-foundation-building
formulation by comparing results obtained from the direct methodology presented herein against
results from a substructuring approach.

The example used for this purpose is depicted in figure 4, where a small five-storey RC
building founded on a group of 16 piles is sketched. The system is modelled through five rigid
slabs, nine 0.4×0.4 m vertical piers per storey, and a rigid pile cap for the 4×4 pile group
embedded in a homogeneous half-space. The main structural properties are included in the
figure, while the soil properties are: soil internal damping coefficient β = 0.05, soil density
ρs = 1750 kg/m3, soil Poisson’s ratio νs = 0.4 and shear wave velocity cs = 239 m/s. These
data yield a pile-soil modulus ratio Ep/Es = 107.1.

3.1 Substructuring model

Regarding the substructuring approach, a two-dimensional model of the system is used, with
2 degrees of freedom (horizontal displacement and rotation) per slab and also on the pile cap.
The stiffness matrices, damping properties, inertial features and input motions characterizing
the system must be defined for the specific case at hand. In this way, for each storey of the
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Figure 4: Two-dimensional sketch of considered pile–supported structures

building described above, and modelling piers as compressible Euler-Bernoulli beams, the stiff-
ness submatrix Ks

ij between slabs i (upper slab, first two DoF) and j (lower slab, second two
DoF) is defined as

Ks
ij =









k11 −k12 −k11 −k12
−k12 k22 + ka k12 k22/2− ka
−k11 k12 k11 k12
−k12 k22/2− ka k12 k22 + ka









ij

(27)

where k11 = 9 · 12(EI)pier/H
3, k12 = 9 · 6(EI)pier/H

2, k22 = 9 · 4(EI)pier/H and ka = 6 ·
(EA)piersc/L, Apier and Ipier being the area and inertia of the pier section, Epier the modulus of
elasticity, and H the pier height. In order to include hysteretic damping in the model, all the
elements of matrix Ks

ij are complex numbers of the type k = Re[k](1 + 2iζ).
The dynamic stiffness of the foundation (where two DoF are also considered) is assumed

to be defined by swaying (Kxx = kxx + iaocxx), rocking (Kθθ = kθθ + iaocθθ) and the crossed
horizontal-rocking (Kxθ = kxθ+iaocxθ) impedance functions, where kij and cij are the frequency
dependent dynamic stiffness and damping coefficients, respectively, ao = ωd/cs is the dimen-
sionless frequency and cs is the soil shear-wave velocity. Therefore, the stiffness matrix of the
pile foundation can be written as

Kf =

(

Kxx Kxθ

Kxθ Kθθ

)

(28)

Such impedance functions have been computed for our particular case as specified in [16], and
are shown in figure 5.

Having defined the stiffness matrices Ks and Kf for building storeys and foundation respec-
tively, and having all DoF condensed to the slabs and cap centres of gravity, the twelve-DoF
stiffness matrix K for the entire system defined at the beginning of this section can be obtained
following the classic assembly process of the direct stiffness method.

On the other hand, figure 5 contains also the translational (ub = u/uff) and rotational (θb =
θ · d/uff) kinematic interaction functions of the soil-foundation system impinged by vertically-
incident S waves. These functions represent the horizontal and rotational motions induced in
the foundation by the seismic actions in the absence of a superstructure, and related to the
horizontal motion (uff) produced in the surface of the far-field soil (undisturbed by the presence
of the foundation) by the same incident seismic waves. These functions define the input motion
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Figure 5: Dynamic stiffness (top) and kinematic interaction (bottom) functions of 4 × 4 pile
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through a vector Ub of appropriate dimensions (12 × 1 in this case), having only two non-zero
terms.

The mass is assumed to be concentrated on slabs and pile caps, in such a way that the system
inertial properties are defined by a submatrix of the form

Mi =

(

mi 0
0 Ii

)

(29)

where mi and Ii are the mass and moment of inertia (with respect to a horizontal axis perpen-
dicular to the paper and passing through the centre of gravity of the slab) for every slab or for
the pile cap. As usual, this submatrix is used to define the mass matrix M of the system.

Finally, the dynamic response of the system can be evaluated through an equation of motion
of the type

(

K − ω2M
)

U = K̂fUb (30)

where U is a complex vector that contains displacements and rotations at slabs and pile cap,
and K̂f is a 12× 12 zero matrix into which Kf is placed in the appropriate position.

3.2 Comparison results

The dynamic response of the system defined at the beginning of this section and subjected to
vertically-incident S waves can now be obtained both by the direct methodology (as explained
in section 2) and by the substructuring approach (building equation (30) for the system at hand
and with the input data given in figure 5). Figure 6 presents a comparison between results
obtained from both methodologies in terms of the real and imaginary horizontal displacements
arising at each slab, together with a measure of the relative difference between them. It can be
seen that both groups of results are in very good agreement.

4 Application example

In order to explore the possibilities of the boundary-element code presented in this work, results
for the problem sketched in figure 7 are going to be discussed in this section. Soil profile, pile
foundations and superstructures have been defined with rather regular and simplified character-
istics in order to obtain easily interpretable results, allowing an assessment of the model. Note,
however, that regarding the code capabilities, the buildings could have been irregular and differ-
ent among them, the soil profile could have been defined by any number of non-horizontal and
non-planar surfaces, a larger number of superstructures could have been studied, or a different
kind of excitation could have been used.

As shown in figure 7, two cases are going to be considered, with either one or three structures.
The focus of the discussion will be on how the dynamic response of the piled building of case A is
affected by the presence of the additional structures introduced in case B. Unlike the validation
case, in which the system was subjected to seismic waves, a vertical forced displacement uf
applied on a rectangular portion of the ground surface has been considered. In the horizontal
directions, zero-traction boundary conditions have been imposed. The figure shows the distance
(b being the foundation half-width) between buildings and to the area (of dimensions b×2b)
where vertical displacements are forced.

The properties of the pile group and the superstructures are the ones defined in section 3
for the validation example. In this case, however, the buildings are founded on a soft stratum
overlying a stiff half-space. The properties of the soil deposit are: soil internal damping coefficient
βd = 0.05, soil density ρd = 1750 kg/m3, soil Poisson’s ratio νd = 0.4, shear wave velocity
csd = 239 m/s and thickness Hd = 24 m. On the other hand, the properties of the underlying
half-space are: βh = 0.05, ρh = 2100 kg/m3, νh = 0.3 and csh = 690 m/s.

The domain boundaries have been discretized into quadratic elements of triangular and
quadrilateral shapes. A representation of the mesh is shown in figure 8, where piles, buildings
and excitation area are also included. The symmetry of the problem allows the discretization of
only one quarter of the system. Identical meshes have been used for both the domain interface
and the ground surface, a top view of which has been placed at the right-bottom corner of the

10
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Figure 7: Application example description

figure. Note that the magnitudes of the displacements and tractions decrease with distance due
to the existing material and radiation damping in the soil and, consequently, boundaries far
from the area of interest do not need to be included in the discretization. The extension and
topology of the boundary element mesh have been established through sensitivity analyses. In
case B, for instance, the mesh (shown in figure 8) contains 6139 boundary elements and 384 pile
finite elements, leading to a system of equations with 27741 degrees of freedom.

Three different types of results will be shown in the next subsections: a) internal forces in
piles, b) ground surface and pile cap displacements, and c) relative lateral displacements between
two consecutive floors as inter-storey drift.

The dynamic response of the system has been studied in the range of interest 0 < ao ≤ 0.25,
in which the first three natural frequencies of the structures are located. As shown in figure 9,
where the absolute horizontal displacements of the floors are shown for case A, such natural
frequencies occur for ao ≃ 0.045, 0.13 and 0.21.

4.1 Internal forces in piles

Figures 10, 11 and 12 present envelopes of bending moment, shear forces and axial forces,
respectively, for four piles belonging to the central structure (the one present both in cases A
and B). Such piles are labelled as defined in figure 4, and results are shown for cases A and
B together in order to make apparent the influence of the presence of other buildings. Indeed,
maximum internal forces always occur when the structure under study is alone. As expected,
maximum values are found at pile heads and at the interface between the soft deposit and the
stiffer half-space. At these depths, differences are, in general, more important. Also, piles p3
and p4, placed on the side looking towards the area where the loads are applied, carry the
greatest loads, while pile p1, being one of the ‘internal’ piles, takes always the smaller loads.
Note, however, that bending moments and shear forces at the domain interface are, as expected,
of the same order of magnitude for all piles in the group due to the fact that they are produced
mainly by kinematic interaction.

The right sides of figures 10, 11 and 12 show the frequencies at which the maximum internal
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Figure 8: Representation of the mesh (modelling a quarter of the geometry) used for computa-
tions. The area where excitation is applied is marked in red in the upper illustration.
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forces at each point (presented on the left side) take place. It can be seen that all values in the
envelopes correspond to values of ao > 0.13, that is, for frequencies above the second natural
frequency of the building-foundation-soil systems.

4.2 Ground surface and pile cap displacements

Figures 13 and 14 present horizontal and vertical displacements, respectively, at five different
points on the ground surface: point x = 0 (see figure 7) just below the central building; point
x = 1.5b between the central structure and the one near the area where the excitation is applied;
point x = 3b just below the lateral building near the forced-displacement area; and points
x = 4.5b and x = 6b between the lateral building and the area where the excitation is defined.
Displacements are given in terms of real and imaginary parts for cases A and B together with
the situation in which neither structures nor foundations are built.

As expected, the dynamic amplifications for both horizontal and vertical displacements be-
gin to be significant after the natural frequency of the deposit, which can be easily shown to be
aod = π/48 ≃ 0.065. Also, the presence of the central building (case A) has very little influence
on the response of points x = 4.5b and x = 6b in comparison to the situation without any
constructions. In contrast, the introduction of additional buildings (case B) reduce very signifi-
cantly the magnitude of the ground displacements when x ≤ 4.5b for ao & 0.12, frequency from
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which the half-wave length on the ground surface begins to be of the same order of magnitude
of the distance covered by two adjacent buildings, thus restraining the ground surface deformed
shape. On the other hand, the natural frequencies of the building-foundation-soil systems do not
have a significant impact on the dynamic response of the ground surface in this configuration.

Figure 15 shows horizontal displacements and rotations measured at the pile cap of the
central structure for both cases A and B. Real and imaginary parts are presented. It can be
seen that the presence of the other buildings influences strongly the dynamic response of the
structure under study, as the magnitude of both displacements and rotations is reduced by
approximately 50%. Indeed, the lateral buildings block the waves in the soil, reducing the
vibrations measured at the central building, mainly for ao & 0.12 as commented above. On the
other hand, the fundamental frequency of the deposit associated with S waves is clearly marked
in the plot representing the horizontal displacement of the cap, as there is a maximum of the
real part and an inflection point in the imaginary part at such a frequency.

4.3 Inter-storey drift

The maximum shear deformation to be withstood by piers in a floor are analysed in this section
in terms of the inter-storey drift. Figure 16 presents the inter-storey drifts in each floor of the
central building for both cases A and B. On the other hand, figure 17 represents an envelope
of maximum relative displacements. The floor at which each maximum occurs is represented in
colours according to the legend.

As expected, maximum values correspond to case A (one building only), although there is
no difference between both cases for frequencies below ao = 0.1. It can be seen that the largest
relative displacements occur for the second and third modes of vibration in the buildings, with
frequencies above the fundamental period of the soil deposit. When the observed building is
alone, inter-storey drifts are significantly larger around the third fundamental frequency, while
for case B, relative displacement magnitudes around second and third modes are of similar order,
although maxima occur at different floors in each case. As usual, the largest inter-storey drifts
around the first and second natural frequencies correspond to the first floor while, in the case
of the third natural frequency, the largest values are found in the third floor, such a behaviour
being similar for cases A and B.

5 Summary and conclusions

A numerical scheme is presented for the three-dimensional dynamic analysis of piled buildings
in the frequency domain taking soil-foundation-structure interaction rigorously into account. In
the proposed formulation, piles are modelled as compressible Euler-Bernoulli beams founded on
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Figure 13: Comparison of horizontal displacements on different points in the ground surface.

15



-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

R
e(

u z
/u

f)
, x

=
0

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

Im
(u

z/
u f

),
 x

=
0

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

R
e(

u z
/u

f)
, x

=
1.

5b

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

Im
(u

z/
u f

),
 x

=
1.

5b

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

R
e(

u z
/u

f)
, x

=
3b

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

Im
(u

z/
u f

),
 x

=
3b

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

R
e(

u z
/u

f)
, x

=
4.

5b

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

Im
(u

z/
u f

),
 x

=
4.

5b

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

R
e(

u z
/u

f)
, x

=
6b

Without buildings
case A
case B

-0.5

-0.4

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

 0  0.05  0.1  0.15  0.2  0.25

Im
(u

z/
u f

),
 x

=
6b

aoao

Figure 14: Comparison of vertical displacements on different points in the ground surface.
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Figure 16: Inter-storey drift in each storey of central building.

a linear, isotropic, viscoelastic, zoned-homogeneous, unbounded layered soil, while multi-storey
buildings are assumed to be comprised of vertical compressible piers and rigid slabs.

The boundary element method is used to model the different layers or regions forming the soil
profile. The problem is formulated so that soil-pile interface does not need to be discretized with
boundary elements. Instead, the pile-soil interaction forces are assumed to act on a line defined
by the pile axis and, at the same time, the foundation rigidity is provided by mono-dimensional
beam linear finite elements used to represent the piles. Compatibility in displacements is set
between the pile finite element nodes and the corresponding soil points considered as internal
boundary element points. Equilibrium conditions are also imposed along the pile axes between
the internal ‘load lines’ acting within the soil and the corresponding interaction forces acting
over the piles. With this strategy, pile group harmonic response can be accurately computed
taking into account the actual stiffness of piles and soil, together with the pile-soil interaction
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effects, while the total number of degrees of freedom is significantly reduced with respect to a
multi-domain boundary element approach. Then, piles are linked through rigid caps to form
the different pile groups on which the buildings are going to be founded. Finally, condensed
stiffness and mass matrices representing the superstructures are computed, the displacements
and rotations at the centre of gravity of slabs and pile caps being the degrees of freedom of
interest in the buildings. Rigid slabs may have any orientation within the horizontal plane and,
at the same time, the position of their centre of gravity on the horizontal plane can change
between storeys. The number, properties and position of the piers can also change from one
floor to the next. All these features provide a great generality and flexibility to the model.

This novel methodology is useful in the analysis of structure-soil-structure interaction prob-
lems for piled buildings. It can be used to study, for instance, the seismic response of groups of
buildings, the effects of nearby constructions on the dynamic response of a building, or vibrations
induced in a building by dynamic actions able to generate waves propagating in the soil and
interacting with obstacles and other constructions. The novelty of the proposed scheme resides
in the treatment of the soil-foundation interaction and the generality of the code that allows the
direct analysis of multiple piled buildings in layered soils simultaneously, without substructuring
strategies involved.

A validation case, corresponding to a five-storey piled building subjected to vertically-
incident S waves, is presented to show the accuracy of the code compared to results obtained
following a substructuring approach. In order to show the flexibility and the possibilities of the
numerical scheme, different results are presented to study the vibrations induced by a harmonic
excitation acting on the ground surface near a group of piled buildings. The dynamic response
on ground surface, pile foundations and superstructures is analysed for only one building or for
a group of three, focusing on the influence of additional structures on the observed building and
the surrounding soil.

The model presented in this paper can be enhanced in a number of different ways. For
instance: (a) generalization of the pile finite element formulation for general curvilinear elements,
so that structural typologies other than vertical piles can be analysed; (b) implementation of
incident seismic waves with any direction of incidence, so that the effects of such a parameter
on the seismic response of pile foundations and pile–supported structures can be assessed; (c)
formulation of a numerical scheme able to model the interaction between pile and surrounding
water, i.e. between a pile and a potential region, which would lead to a more general formulation
able to model, for instance, the dynamic behaviour of a pile embedded in a poroelastic soil;
(d) modelling of a pile raft foundation by means of thin plate/shell finite elements, allowing
the analysis of very large pile groups for which the assumption of rigidity of the pile cap is
not generally acceptable; or (e) generalization of the superstructure model with new types of
elements, such as shear walls, inclined elements, flexible slabs and beams.
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